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We propose a constrained inpainting model to recover an image from its incomplete 
and/or inaccurate wavelet coefficients. The objective functional of the proposed 
model uses the �0 norm to promote the sparsity of the resulting image in a tight 
framelet system. To overcome the algorithmic difficulty caused by the use of the �0
norm, we approximate the �0 norm by its Moreau envelope. A fixed-point proximity 
algorithm is developed to solve the new approximation optimization model and 
the convergence analysis of the algorithm is provided. The proposed algorithm can 
be accelerated by the FISTA technique and we also develop an adaptive method 
to determine the approximation parameter to further speed up the algorithm. We 
demonstrate that the rows of the discrete cosine transform matrix can generate a 
redundant tight framelet system with symmetric boundary condition, which has 
good ability to extract information from incomplete wavelet coefficients. Using the 
tight framelet system, our numerical experiments show that the proposed model 
and the related fixed-point algorithm can recover images with much higher quality 
in terms of the PSNR values and visual quality of the restored images than the 
models based on the �1 norm and the total variation.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Image inpainting is an important image restoration task that recovers high quality images from incomplete 
or corrupted data in the image domain or a transformed domain, depending on how the image is damaged. 
Applications of image inpainting in image domain include text and scratch removal [6,38], impulse noise 
removal [30,33], high resolution image reconstruction [13,25], and de-interlacing of video sequences [4]. Image 
inpainting in transform domains arises in practical applications because images are often formatted in a 
transformed domain. For example, images in JPEG and JPEG2000 compression standards are stored and 
transmitted in terms of their discrete cosine transform (DCT) coefficients and discrete wavelet transform 
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(DWT) coefficients respectively. As data loss and corruption are inevitable during signal transmissions, it is 
crucial to recover images from their incomplete or damaged transform coefficients [17,45].

Suppose that u is the image to be recovered and has a total of n pixels. Following a standard treatment, 
we vectorize the image as a vector in Rn by stacking its columns. An inpainting problem can be formulated 
as recovering an unknown image u from

f = PWu + ω, (1)

where W ∈ R
n×n represents a transform matrix, P ∈ R

p×n with p ≤ n is a selection matrix formed from 
p rows of the identity matrix of order n, ω is the observation noise (introduced during the acquisition/pro-
cessing) of the transform coefficients, and f ∈ R

p denotes the observed incomplete and inaccurate transform 
coefficients determined by the matrix P . In this paper, the noise is assumed to be Gaussian.

When W is the identity matrix, the damage occurs in the pixel domain, and f contains approximate values 
of the remaining pixels. This is the inpainting problem in the image domain, which was first addressed in [6]. 
Inpainting in the image domain can be seen, in some sense, as an interpolation problem, where values of 
the missed pixels are recovered by utilizing the remaining information from their neighbors. This inpainting 
problem has received considerable attentions in the image community. Classical, yet popular, methods for 
inpainting in the image domain use partial differential equations and variational formulations to propagate 
available image information from neighboring observed domains into missing regions. The curvature driven 
diffusion model was introduced in [16] and an Euler’s elastica energy-based variational model in [39] to 
recover image with missing pixel values. Under the variational regularization framework, the most widely 
used methods for image domain inpainting are the total variation (TV) and sparse regularization. The TV 
regularization was used in [38] to solve inpainting problems due to the widely successful applications of TV 
in image restoration. The �1 norm based sparse regularization for image inpainting was recently addressed 
in [7,10,24,31,36], and the references cited therein. The fact which motivates these methods is that images 
can be sparsely represented by a redundant system formed by a set of transforms such as the discrete cosine 
transform, wavelet transform, framelet transform and curvelet transform. All the work mentioned above is 
concentrated on image inpainting in the image domain.

Image inpainting in a transform domain, however, is significantly different from that in the image domain. 
In this case, corruption of a single coefficient in the transform domain may affect pixels in certain regions or 
even the whole image. Therefore, the inpainting regions in the image domain due to the coefficient loss in 
the transform domain are often not well localized, and PDE based methods are hence not applicable. Image 
inpainting in the wavelet domain, recovering the original image from incomplete and inaccurate wavelet 
coefficients, has drawn much research interest due to the increasing popularity of the JPEG2000 image 
compression standard. Inspired by the great success of TV in image restoration, the TV regularization 
for image inpainting in the wavelet domain was proposed in [17]. In that work, the original image was 
approximately recovered via solving the variational model

min
{

1
2‖PWu− f‖2

2 + λ‖u‖TV : u ∈ R
n

}
, (2)

where ‖u‖TV is the total variation of u and λ is used to balance between both terms in model (2). An explicit 
gradient descent algorithm was used in [17] to solve problem (2). Moreover, the optimization transfer algo-
rithm, the primal-dual method and the alternating direction method (ADM) were developed, respectively, 
in [14,15,41] to solve problem (2). An approximated primal-dual hybrid gradient algorithm was proposed 
in [43] to solve problem (2). Recently, model (2) was extended in [45] to recover textures and local geom-
etry structures of natural images by utilizing a nonlocal TV regularizer, where the Bregman iteration [35]
and operator splitting algorithms [44,20] were applied to solve the resulting problems. In [42], an alternat-
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ing minimization technique was used to solve the wavelet inpainting problem by finding the best sparse 
representation of the image in the wavelet domain with a TV minimization.

Total variation is efficient for restoring images with incomplete wavelet coefficients as presented in [14,15,
17,41,43]. However, it is well-known that the TV regularization is not suitable for images with fine structures 
and textures. Moreover, since loss of wavelet coefficients may affect pixel values in a larger region in the 
image domain, the use of the TV regularization may produce artifacts in the restored images because TV 
is based on local gradients. These drawbacks of TV are confirmed in our numerical experiments presented 
later in this paper.

In this paper, we develop a method which can be used for solving inpainting problems in both the image 
and the wavelet domains. The method is based upon a constrained optimization model whose objective 
function is formulated to promote the sparsity of the underlying image under a given redundant tight 
framelet system. Unlike the common procedure used in [7,10,24,36,31] in which the alternative �1 norm was 
used to measure the sparsity, we utilize directly the �0 norm to promote the sparsity of the image under 
the given redundant system. The �0 norm was recently applied to wavelet frame based image restoration 
in [46]. We alleviate the algorithmic difficulty caused by the �0 norm by approximating it with its Moreau 
envelope. An alternative approximate model is therefore motivated and we design a fixed-point proximity 
algorithm to solve it. We also propose ways to automatically tune the approximation parameter appearing 
in the Moreau envelope and to speed up convergence of the algorithm. The used redundant tight framelet 
system is generated from the DCT matrix of the second type with the symmetric boundary condition. More 
precisely, we identify the rows of a given DCT matrix as the filters associated with a multiresolution analysis 
(referred to as the DCT-induced wavelet system in the following discussion). The non-decimated transform 
using the DCT-induced wavelet filters gives a tight framelet system that outperforms the TV for inpainting 
images.

This paper is organized as follows. In Section 2, we describe our inpainting model and its smoothed 
versions. Sections 3 is devoted to the development of an iterative algorithm for solving the proposed models. 
We present in Section 4 a convergence theorem for the proposed algorithm. In Section 5, we discuss the 
connection of the proposed algorithm with several existing algorithms. Tight framelet systems generated 
from the discrete cosine transform matrix of the second type are introduced in Section 6. In Section 7, we 
compare the proposed algorithm with existing algorithms and present some ways to accelerate convergence 
of the proposed algorithm. Numerical experiments are presented in Section 8 to demonstrate the efficiency 
of the proposed models and algorithms. Our conclusions are drawn in Section 9.

2. An inpainting model

We propose in this section an inpainting model that recovers images from their incomplete or damaged 
transformed coefficients.

We begin by introducing an optimization model for the inpainting problem (1)

min
u∈Rn

‖Du‖0 subject to ‖PWu− f‖2 ≤ σ, (3)

where the �0 norm ‖ ·‖0 counts the number of nonzero entries of a vector, σ is a positive number corresponding 
to the noise level of ω in (1), D is a discrete tight framelet system, that is, D�D = I with D� being the 
transpose of D and I the identity matrix. Minimizing the objective function ‖Du‖0 requires that a solution 
u to be sought must be the sparsest one among those satisfying ‖PWu − f‖2 ≤ σ in the sense that the 
number of its nonzero transform coefficients in Du is least. Model (3) can be specified as an inpainting 
model in the image domain if W is the identify matrix or a wavelet inpainting model if W is formed from 
a wavelet transform. In this paper, we will concentrate on the wavelet inpainting model since the results 
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obtained for the wavelet inpainting model can be directly applied to the inpainting model in the image 
domain.

When W is generated from a wavelet transform, we simply say that W is a wavelet matrix. In this case, 
we denote by y the wavelet coefficients of the image u, that is, y = Wu. Inspired by model (3), we consider 
the model

min
y∈Rn

‖DW−1y‖0 subject to ‖Py − f‖2 ≤ σ. (4)

If y� is a solution of the above model, the inpainted image for problem (1) is W−1y�. Models (3) and (4)
are equivalent in the sense that if u� is a solution of model (3) then y� := Wu� is a solution of model (4)
and conversely, if y� is a solution of model (4) then u� := W−1y� is a solution of model (3). Therefore, in 
the remaining part of this paper, we will focus on design and analysis of efficient algorithms for model (4).

Model (4) can be written in an unconstrained form by using the notation of an indicator function. For a 
set C, we denote by ιC the indicator function of the set, that is, ιC(y) = 0 if y ∈ C and +∞ otherwise. The 
set C associated with the constraint condition in model (4) is

C := {y : y ∈ R
n and ‖Py − f‖2 ≤ σ}. (5)

In this notation model (4) becomes

min{‖DW−1y‖0 + ιC(y) : y ∈ R
n}. (6)

The non-convexity and discontinuity of the �0 norm inevitably impose algorithmic difficulties on solving 
the optimization problem (6). In practice, for instance in compressive sensing and sparse representation 
[9,11,22], the �0 norm is often replaced by the convex �1 norm. We could do it for model (6), but as we will 
see later in our numerical experiments, the resulting model fails to produce reasonable results.

The �0 norm may be approximated by its “Moreau envelope”. The notion of the Moreau envelope function 
is fundamental in our analysis. For a proper, lower semi-continuous function ϕ : Rd → R ∪ {+∞}, and a 
parameter β > 0, the Moreau envelope function envβϕ at x ∈ R

d is defined by

envβϕ(x) := inf
{

1
2β ‖z − x‖2

2 + ϕ(z) : z ∈ R
d

}
.

As shown in [37], for any β > 0, the function envβϕ(x) enjoys several remarkable properties: it is a continuous 
finite-valued function whereas ϕ itself may merely be lower semi-continuous and extended real-valued. 
Further, it yields a family of approximations {envβϕ}β>0 to the function ϕ and envβϕ(x) → ϕ(x) with 
β → 0+ holds for any x ∈ R

d. These properties motivate us to replace the �0 norm ‖ · ‖0 in model (6) by its 
Moreau envelope envβ‖·‖0 for some positive number β. The resulting model is then given by

min{envβ‖·‖0(DW−1y) + ιC(y) : y ∈ R
n}. (7)

It is clear that when the parameter β is sufficiently small, the objective function in model (7) is close to 
that in model (6).

The following proposition points out that model (7) is essentially consistent with the following two 
variables optimization model

min
{
G(z, y) := 1 ‖z −DW−1y‖2

2 + ‖z‖0 + ιC(y) : (z, y) ∈ R
q × R

n

}
, (8)
2β
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which facilitates us to develop efficient minimization algorithms. To this end, we review the proximity 
operator, an important concept in variational analysis, having a closing relation with the Moreau envelope. 
For a proper, lower semi-continuous function ϕ : Rd → R ∪ {+∞}, and a parameter β > 0, the proximity 
operator of ϕ at x ∈ R

d is defined by

proxβϕ(x) := arg min
{

1
2β ‖z − x‖2

2 + ϕ(z) : z ∈ R
d

}
.

Proposition 1. Let C be the set given by (5), W ∈ R
n×n be a wavelet transform matrix, and D ∈ R

q×n be a 
tight framelet system. For any β > 0, if a pair (z�, y�) is a solution of model (8), then

z� ∈ proxβ‖·‖0
(DW−1y�). (9)

Moreover, a pair (z�, y�) is a solution of model (8) if and only if y� is a solution of model (7) with z�

satisfying (9).

Proof. Assume that (z�, y�) is a solution of model (8). It follows immediately that y� ∈ C and G(z�, y�) ≤
G(z, y�) for every z ∈ proxβ‖·‖0

(DW−1y�). On the other hand, by the definition of the proximity operator 
of ‖ · ‖0, one has that

1
2β ‖z

� −DW−1y�‖2
2 + ‖z�‖0 ≥ 1

2β ‖z −DW−1y�‖2
2 + ‖z‖0

for every z ∈ proxβ‖·‖0
(DW−1y�). Hence, G(z�, y�) ≥ G(z, y�). Summarizing the above discussion, we have 

G(z�, y�) = G(z, y�) for y� ∈ C and every z ∈ proxβ‖·‖0
(DW−1y�). By using the definition of the proximity 

operator of ‖ · ‖0 again, we have that z� ∈ proxβ‖·‖0
(DW−1y�).

Next, we show that a pair (z�, y�) is a solution of model (8) if and only if y� is a solution of model (7)
with z� satisfying (9). Set J(y) := envβ‖·‖0(DW−1y) + ιC(y). By the definition of the Moreau envelope, we 
have that

J(y) = G(z, y), for all z ∈ proxβ‖·‖0
(DW−1y). (10)

If a pair (z�, y�) is a solution of model (8), we can conclude that y� is a solution of model (7). If not, 
there exists a vector ỹ ∈ R

n such that J(ỹ) < J(y�). By (10), one has G(z̃, ̃y) = J(ỹ) < J(y�) for all 
z̃ ∈ proxβ‖·‖0

(DW−1ỹ). By the first part of this proposition, we know that z� ∈ proxβ‖·‖0
(DW−1y�) due to 

the assumption that (z�, y�) is a solution of model (8). By (10), one then has J(y�) = G(z�, y�). In summary, 
one has G(z̃, ̃y) < G(z�, y�) which contradicts the assumption.

Conversely, if y� is a solution of model (7) and z� ∈ proxβ‖·‖0
(DW−1y�), we show that the pair (z�, y�)

is a solution of model (8). Indeed, if this conclusion is not true, then there exists a vector ỹ satisfying 
G(z̃, ̃y) < G(z�, y�), where z̃ is any vector in proxβ‖·‖0

(DW−1ỹ). This, by (10), implies that J(ỹ) < J(y∗), 
which violates the assumption of y� being a solution of model (7). �

The above proposition suggests that an inpainted image of the inpainting problem (1) is W−1y�, where 
the pair (z�, y�) solves model (8). Therefore, the main focus of the next section is to develop an algorithm 
to solve model (8).

3. The fixed-point proximity algorithm

This section is devoted to the development of an iterative algorithm for solving the optimization prob-
lem (8) when W is an orthogonal wavelet matrix, that is, W� = W−1.
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We motivate the iterative algorithm to be proposed for problem (8) through a system of fixed-point 
equations that characterize the critical points of the problem. The fixed-point equations provide an efficient 
approach for developing iterative algorithms for optimization problems. For this development, the inter-
ested readers are referred to [18,19,27–29,32,33] and the references therein. By the Fermat rule (see, e.g., 
Theorem 10.1 in [37]), if a pair (z�, y�) ∈ R

q × R
n is a solution to problem (8), then

0 ∈ (z� −DW�y�) + ∂(β‖ · ‖0)(z�) and 0 ∈ (y� −WD�z�) + ∂ιC(y�), (11)

where ∂ denotes the Fréchet subdifferential (see, e.g., [34,37]). The relations β∂(‖ · ‖0) = ∂(β‖ · ‖0) and 
β∂ιC = ∂ιC have been used in the deviation of (11). Through the proximity operator, the inclusion relations 
(11) lead to a system of fixed-point equations

z� ∈ proxβ‖·‖0
(DW�y�) and y� = proxιC (WD�z�). (12)

We remark that the first relation in (12) appeared earlier in Proposition 1. Based on the fixed-point equa-
tions (12) with an appropriate modification, an iterative algorithm for the optimization problem (8) may 
be expressed as {

zk+1 ∈ proxαβ‖·‖0
(αDW�yk + (1 − α)zk),

yk+1 = proxιC (WD�zk+1),
(13)

where α ∈ (0, 1) is a parameter which balances the two terms DW�yk and zk.
The execution of iterative algorithm (13) requires the availability of a closed form of the proximity 

operator of the two functions involved in the algorithm. We first present an explicit form of the proximity 
operator of the �0 norm. It is easy to see that for every β > 0 and x ∈ R

d the proximity operator of the �0
norm is given by

proxβ‖·‖0
(x) = proxβ|·|0(x1) × proxβ|·|0(x2) × · · · × proxβ|·|0(xd), (14)

where

proxβ|·|0(xi) :=

⎧⎪⎨⎪⎩
{xi}, if |xi| >

√
2β,

{xi, 0}, if |xi| =
√

2β,
{0}, otherwise.

(15)

Note that proxβ|·|0 is the well-known hard thresholding operator.
Next, we present a closed form of the proximity operator of ιC. For the selection matrix P of size p × n

in (1), we also use P to denote the set of the locations of nonzero entries in all rows of the matrix P . For 
a vector x ∈ R

n we denote by xP either the subvector in Rp which consists of the entries indexed by the 
set P , that is, (xP )� = x� for all � ∈ P , or the vector in Rn which coincides with x on the entries in P
and is zero on the entries outside P . Which option applies should be clear from the context. For the vector 
f ∈ R

p given in (1), we denote by fP the vector in Rn which satisfies (fP )P = f and is zero for the indexes 
outside P .

Lemma 1. If P of size p × n is a selection matrix, f is a vector in Rp, and C is the set given by (5), then 
for each x ∈ R

n and each positive number σ,

proxιC (x) = x− xP + fP + min{‖xP − f‖2, σ}
xP − fP
‖xP − f‖2

.
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Proof. Note that ‖u − x‖2
2 = ‖(u − x) − (uP − xP )‖2

2 + ‖uP − xP ‖2
2 and C = {u ∈ R

n : ‖uP − f‖2 ≤ σ}. 
From the definition of the proximity operator, one has that

proxιC (x) = argmin
{

1
2
‖(u− x) − (uP − xP )‖2

2 + 1
2
‖uP − xP ‖2

2 + ιC(u) : u ∈ R
n

}
. (16)

It can be seen that the first term of the objective function of (16) depends only on the entries of u and x
outside the set P while the sum of the last two terms depends only on the entries of u and x in P . Hence, 
we can minimize the first term and the sum of the last two terms separably. To minimize the first term, 
the entries of u must coincide with those of x outside the P . Thus, proxιC (x) − (proxιC (x))P = x − xP . To 
minimize the sum of the last two terms, we consider the optimization problem

x� = argmin
{

1
2‖v − xP ‖2

2 + ι{v:‖v−f‖2≤σ}(v) : v ∈ R
p

}
.

Hence, the entries of uP that minimizes the sum of the last two terms of the objective function in (16) in 
P coincide with those of x�. We then have that

proxιC (x) = x− xP + (x�)P . (17)

Since x� is the projection of xP onto the set {v : ‖v − f‖2 ≤ σ}, we observe that

x� = f + min{‖xP − f‖2, σ}
xP − f

‖xP − f‖2
.

Substituting this into (17) completes the proof. �
Clearly, algorithm (13) can be efficiently implemented as both updates at each iteration have closed-forms 

given in (14) and (16).

4. Convergence analysis

In this section we present a convergence theorem for the iterative algorithm proposed in the last section.
We need a sequence of lemmas to establish the convergence theorem. The following lemma will be 

frequently used in our development.

Lemma 2. If the q × n matrix X is chosen as a tight framelet matrix, that is, X�X = I, then for any 
v ∈ R

q, ‖v‖2
2 = ‖X�v‖2

2 + ‖(I − XX�)v‖2
2. Furthermore, if u ∈ R

n and v ∈ R
q, then ‖v − Xu‖2

2 =
‖X�v − u‖2

2 + ‖(I −XX�)v‖2
2.

Proof. The first identify is obtained straightforwardly from multiplying I = XX� + (I −XX�) by v� and 
v from its left and right hand sides, respectively. Since X�(v−Xu) = X�v− u and (I −XX�)(v−Xu) =
(I −XX�)v, the second identity follows from the first one. �

For a vector z ∈ R
q, we denote by N(z) the index set of all zero entries of z, that is, N(z) := {i : zi = 0}.

Lemma 3. If {zk} is the sequence generated by algorithm (13), then the following statements hold:

(i) |zki | ≥
√

2αβ for all i /∈ N(zk).
(ii) ‖zk+1 − zk‖2 ≥

√
2αβ if N(zk) 
= N(zk+1).
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Proof. Item (i) follows immediately from the closed-form solution of the proximity operator of the �0 norm.
It remains to prove Item (ii). Suppose that N(zk) 
= N(zk+1) for some k > 0. It follows that there exists 

at least j such that j ∈ N(zk) ∩N(zk+1) or j ∈ N(zk)∩N(zk+1), where S denotes the complementary set of 
the set S. By Item (i), zkj = 0 and |zk+1

j | ≥
√

2αβ for the first case while |zkj | ≥
√

2αβ and zk+1
j = 0 for the 

second case. For both cases, we have that |zk+1
j −zkj | ≥

√
2αβ. This together with ‖zk+1−zk‖2 ≥ |zk+1

j −zkj |
yields Item (ii). �

Let C be the set given by (5), W ∈ R
n×n be a wavelet transform matrix, D ∈ R

q×n be a tight framelet 
system, and β be a positive number. We define E : Rq → R at z ∈ R

q by

E(z) := 1
2‖(I −DD�)z‖2

2 + envιC (WD�z). (18)

Lemma 4. If E is given by (18), then

(i) E(t) ≤ E(s) + 〈∇E(s), t − s〉 + 1
2‖t − s‖2

2 for all s, t ∈ R
q,

(ii) E(z) ≤ 1
2‖z −DW�y‖2

2 + ιC(y) for all z ∈ R
q and y ∈ R

n.

Proof. To prove Item (i), we first show that ∇E is Lipschitz continuous with Lipschitz constant 1. It can 
be directly verified for any s, t ∈ R

q that

‖∇E(s) −∇E(t)‖2
2 = ‖(I −DD�)(s− t) + DW�((I − proxιC )(WD�s) − (I − proxιC )(WD�t))‖2

2.

Since (I −DD�)DW� = 0 and WD�DW� = I, from the above identity we get that

‖∇E(s) −∇E(t)‖2
2 = ‖(I −DD�)(s− t)‖2

2 + ‖(I − proxιC )(WD�s) − (I − proxιC )(WD�t)‖2
2.

Using the nonexpansiveness of operator I − proxιC , we obtain that

‖∇E(s) −∇E(t)‖2
2 ≤ ‖(I −DD�)(s− t)‖2

2 + ‖WD�(s− t)‖2
2.

Since DW� is a tight framelet matrix and I−DD� = I −DW�(DW�)�, applying Lemma 2 to the above 
inequality we have that ‖∇E(s) −∇E(t)‖2 ≤ ‖s − t‖2. That is, ∇E is Lipschitz continuous with Lipschitz 
constant 1. Item (i) follows immediately from the well-known and fundamental property of a differentiable 
convex function with a Lipschitz continuous gradient and Lipschitz constant 1.

Now, we prove Item (ii). By the definition of E in (18) and the definition of envιC , we have for all y ∈ R
n

that

E(z) ≤ 1
2‖(I −DD�)z‖2

2 + 1
2‖y −WD�z‖2

2 + ιC(y).

By Lemma 2, the sum of the first two terms in the right hand of the above inequality is 1
2‖z −DW�y‖2

2. 
Therefore, Item (ii) holds. �

In the next lemma we reexpress the objective function G given in (8) in a simple form.

Lemma 5. Let G be given in (8) and E be defined by (18). For z ∈ R
q, if y = proxιC (WD�z) then

βG(z, y) = E(z) + β‖z‖0.
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Proof. From (8), for any z ∈ R
q and y ∈ R

n, we have that

βG(z, y) = 1
2‖z −DW�y‖2

2 + β‖z‖0 + ιC(y).

Since DW� is a tight framelet matrix, applying Lemma 2 to 1
2‖z −DW�y‖2

2, we obtain that

βG(z, y) = 1
2‖(I −DD�)z‖2

2 + 1
2‖y −WD�z‖2

2 + ιC(y) + β‖z‖0

By using the fact y = proxιC (WD�z), we know that 1
2‖y −WD�z‖2

2 + ιC(y) = envιC (WD�z). Hence,

βG(z, y) = 1
2‖(I −DD�)z‖2

2 + envιC (WD�z) + β‖z‖0.

Applying the definition of E to the above equation, we obtain the desired result of this lemma. �
In the next lemma, we reinterpret proxμ‖·‖0

as a projection. For any subset Λ of {1, 2, . . . , q}, we use BΛ
to denote the subset of Rq that collects all vectors vanishing on the index set Λ.

Lemma 6. For z ∈ R
q and μ > 0, if z̃ ∈ proxμ‖·‖0

(z), then z̃ is the projection of z into the set BΛ, where 
Λ := N(z̃).

Proof. By (15), z̃i = 0 for all i ∈ Λ while z̃j = zj and their absolute values are not less than 
√

2μ for 
all j /∈ Λ. By the structure of the set BΛ, z̃ is the projection of z into the set. In terms of the proximity 
operator, z̃ = proxιBΛ

(z). �
We are now ready to establish the main theorem of this section.

Theorem 1. If C is the set given by (5), W ∈ R
n×n a wavelet transform matrix, D ∈ R

q×n a tight framelet 
system, α a number in (0, 1), and β a positive number, respectively, then the following statements hold for 
the sequence {(zk, yk)} generated by algorithm (13):

(i) G(zk+1, yk+1) ≤ G(zk, yk) for all k ≥ 0 and lim
k→∞

‖zk+1 − zk‖2 = lim
k→∞

‖yk+1 − yk‖2 = 0.
(ii) There exists a K > 0 such that N(zk) = N(zK) for all k ≥ K.
(iii) The sequence {(zk, yk)} converges to a local minimizer (z�, y�) of the objective function in model (8). 

Moreover, limk→∞ G(zk, yk) = G(z�, y�).

Proof. We begin with proving Item (i). Since yk+1 = proxιC (WD�zk+1), by Lemma 5, we have that

βG(zk+1, yk+1) = E(zk+1) + β‖zk+1‖0.

Combining this relation with Item (i) of Lemma 4 yields that

βG(zk+1, yk+1) ≤ E(zk) + 〈∇E(zk), zk+1 − zk〉 + 1
2‖z

k+1 − zk‖2
2 + β‖zk+1‖0. (19)

Noting that

∇E(zk) = zk −DW�proxιC (WD�zk) = zk −DW�yk,

we obtain that

αDW�yk + (1 − α)zk = zk − α∇E(zk).
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By the first line in (13) and using the definition of the proximity operator, we have that

zk+1 ∈ argmin
{

1
2α

‖z − (zk − α∇E(zk))‖2
2 + β‖z‖0 : z ∈ R

q

}
. (20)

Expanding the quadratic term 1
2α‖z − (zk − α∇E(zk))‖2

2 as

α

2 ‖∇E(zk)‖2
2 + 〈∇E(zk), z − zk〉 + 1

2α‖z − zk‖2
2

and replacing the constant α2 ‖∇E(zk)‖2
2 by E(zk) (that will not alter the minimizer) yield

zk+1 ∈ argmin
{
E(zk) + 〈∇E(zk), z − zk〉 + 1

2α‖z − zk‖2
2 + β‖z‖0 : z ∈ R

q

}
.

It follows immediately from Lemma 5 that

E(zk) + 〈∇E(zk), zk+1 − zk〉 + 1
2α‖zk+1 − zk‖2

2 + β‖zk+1‖0 ≤ βG(zk, yk). (21)

Since α ∈ (0, 1), (21) together with (19) leads to the first part of Item (i). Furthermore, we conclude that 
the sequence {G(zk, yk)} converges. Moreover, from (19) and (21), we have that

‖zk+1 − zk‖2
2 ≤ 2αβ

1 − α
(G(zk, yk) −G(zk+1, yk+1)).

Therefore limk→∞ ‖zk+1 − zk‖2 = 0. By the second line in (13) and using the nonexpansiveness of the 
proximity operator, we have that limk→∞ ‖yk+1 − yk‖2 = 0. This proves Item (i).

The second part of Item (i) implies that there exists a number K > 0 such that ‖zk+1 − zk‖2 <
√

2αβ
for all k ≥ K. By Item (ii) of Lemma 3, sets N(zk) for all k ≥ K are identical to a subset, denoted by Λ�, 
of {1, 2, . . . , q}. The proof of Item (ii) is complete.

It remains to prove Item (iii). From Item (ii), (20), and Lemma 6, we conclude for all k ≥ K that

zk+1 = proxιBΛ�
(zk − α∇E(zk)). (22)

Since E has the Lipschitz continuous gradient with Lipschitz constant 1 and α ∈ (0, 1), the above iterative 
scheme (22) is the well-known forward–backward splitting algorithm (see, e.g., [20]) of the optimization 
problem

min{E(z) + ιBΛ� (z) : z ∈ R
q}. (23)

Therefore, the sequence {zk} converges to a solution z� ∈ BΛ� of problem (23). As a direct consequence, 
since yk = proxιC (WD�zk), we obtain that limk→∞ yk = y� ∈ C with

y� = proxιC (WD�z�). (24)

By Lemma 5 and the continuity of E, we get limk→∞ G(zk, yk) = G(z�, y�).
Finally, we show that (z�, y�) is a local minimizer of the objective function G(z, y) in model (8). To this 

end, we first verify that (z�, y�) is a solution of the minimization problem

argmin{H(z, y) := 1 ‖z −DW�y‖2
2 + ιC(y) + ιBΛ� (z) : (z, y) ∈ R

q × R
n}. (25)
2β
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As this is a convex optimization problem, we only need to show that (z�, y�) is a local minimizer of (25). By 
Lemma 5, we know that H(z�, y�) = 1

βE(z�) + ιBΛ� (z�). From (23), H(z�, y�) ≤ 1
βE(z� + b) + ιBΛ� (z� + b)

holds for any b ∈ R
q. This yields, from (18) and the definition of the Moreau envelope, that

H(z�, y�) ≤ 1
2β ‖(I −DD�)(z� + b)‖2

2 + 1
2β ‖(y

� + c) −WD�(z� + b)‖2
2 + ιC(y� + c) + ιBΛ� (z� + b),

which holds for all b ∈ R
q and c ∈ R

n. By using Lemma 2 and the definition of H in (25), H(z�, y�) ≤
H(z� + b, y� +c) holds for all b ∈ R

q and c ∈ R
n. That is, H achieves its minimal value at (z�, y�). It further 

indicates that (z�, y�) is a local minimizer of model (8). �
5. Connection to existing algorithms

We discuss in this section the connection of the proposed algorithm (13) with existing algorithms for 
solving problem (8).

Two existing algorithms in the literature may be used for solving optimization problem (8). The first one 
is the nonconvex nonsmooth forward–backward splitting algorithm (FBSA) developed in [3] and the second 
is the proximal alternating minimization algorithm (PAMA) developed in [2] for the nonconvex nonsmooth 
optimization problems. We postpone numerical comparison of these algorithms with our proposed algorithm 
for the wavelet inpainting to Section 7.

5.1. Nonconvex nonsmooth forward–backward splitting algorithm

In this subsection, we adapt the nonconvex nonsmooth forward–backward splitting algorithm introduced 
in [3] for solving (8).

Let g : R
d → R ∪ {+∞} be a proper lower semi-continuous function which is bounded below and 

satisfies the Kurdyka–Łojasiewicz (KL) property (see [2] and references therein). Usually, it is not easy to 
verify whether a function satisfies the KL property by using its formal definition. We therefore omit the 
presentation of its definition here. Instead, we present a rich class of functions that satisfy the KL property. 
More importantly, the functions in which we are interested belong to the class.

Definition 1. A subset S ⊂ R
d is called real semi-algebraic if it can be represented as

S =
s⋃

j=1

t⋂
i=1

{x ∈ R
d : pij(x) = 0, qij(x) < 0},

where pij , qij are real polynomial functions for 1 ≤ i ≤ t and 1 ≤ j ≤ s for some positive integers s, t. 
A function ϕ : Rd → R ∪ {+∞} is called semi-algebraic if its graph {(x, ϕ(x)) : x ∈ R

d} is a semi-algebraic 
subset of Rd+1.

Lemma 7. If C is the set given by (5), W ∈ R
n×n is a wavelet transform matrix, D ∈ R

q×n is a tight framelet 
system, and β is a positive number, then the objective function G in (8) is semi-algebraic.

Proof. The first term in G is semi-algebraic since it is indeed a real polynomial. The second term ‖ · ‖0 is 
semi-algebraic according to Example 5.2 in [8]. The set C is semi-algebraic as

C = {y ∈ R
n : ‖Py − f‖2

2 − σ2 < 0} ∪ {y ∈ R
n : ‖Py − f‖2

2 − σ2 = 0},
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where ‖Py − f‖2
2 − σ2 is a real polynomial with respect to y. Hence, the third term ιC is semi-algebraic 

as the indicator function of a semi-algebraic set is semi-algebraic. As a consequence, the function G is 
semi-algebraic as a finite sum of semi-algebraic functions is semi-algebraic. �

For a function having the form h + g, where h : Rd → R is a continuously differentiable function whose 
gradient is Lipschitz continuous with Lipschitz constant L, FBSA for solving the minimization of h +g reads

xk+1 ∈ proxγg(xk − γ∇h(xk)), (26)

where 0 < γ < 1
L .

The following convergence result for FBSA is from Theorem 5.1 and Remark 5.2 (a) of [3].

Theorem 2. Suppose that h : Rd → R is finite valued, differentiable, has an L-Lipschitz continuous gradient, 
that g is lower semi-continuous, and that g+h is a proper lower semi-continuous KL function and is bounded 
from below. If {xk} is a bounded sequence generated by (26), then it converges to a critical point of g + h. 
Moreover, the sequence has a finite length, that is, 

∑
k ‖xk+1 − xk‖2 < +∞.

By identifying x as (z, y), h(z, y) = 1
2β ‖z−DW�y‖2

2, g(z, y) = ‖z‖0 + ιC(y), we can adapt the FBSA (26)
for model (8). Some necessary properties of the functions h and g are discussed in the following lemmas.

Lemma 8. If W ∈ R
n×n is a wavelet transform matrix, D ∈ R

q×n is a tight framelet system, and β is a 
positive number, then the function h : Rq × R

n → R defined by h(z, y) = 1
2β ‖z −DW�y‖2

2 for z ∈ R
q and 

y ∈ R
n is finite valued, differentiable, and has a 2

β -Lipschitz continuous gradient.

Proof. Set A := [ I −DW� ]. Using the identities WW� = I and D�D = I, we immediately have that

∇h(z, y) = 1
β

[
z −DW�y

−WD�z + y

]
= 1

β
A�A

[
z

y

]
.

Notice that AA� = I + DD� and D�D = I, we get ‖A�A‖ = 2. That is, the gradient of h is 2
β -Lipschitz 

continuous. �
Lemma 9. Let C be the set given by (5). If g : Rq × R

n → R ∪ {+∞} at (z, y) ∈ R
q × R

n is defined by 
g(z, y) = ‖z‖0 + ιC(y), then for any positive number γ,

proxγg(z, y) = proxγ‖·‖0
(z) × proxιC (y).

Proof. The result of this lemma follows straightforwardly from the definition of the proximity operator and 
the separable structure of g. �

By employing Lemma 9, we have the following specific form of FBSA (26) for model (8):{
zk+1 ∈ proxγ‖·‖0

( γ
βDW�yk + (1 − γ

β )zk),

yk+1 = proxιC ((1 − γ
β )yk + γ

βWD�zk).
(27)

Comparing the proposed algorithm (13) with FBSA (27), we see that the first equation in both algorithms 
are the same and their difference is the second equation. The proposed algorithm uses the information of 
zk+1 in the second equation while FBSA uses the information of zk and yk.

The next result regards the convergence of Algorithm (27).
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Theorem 3. Let C be the set given by (5), W ∈ R
n×n be a wavelet transform matrix, D ∈ R

q×n be a tight 
framelet system, and β be a positive number. For initial guess (z0, y0) and 0 < γ < β

2 , if both {zk} and {yk}
are bounded sequences generated by (27), then {(zk, yk)} converges to a critical point of G in (8). Moreover, ∑∞

k=1
√

‖zk+1 − zk‖2
2 + ‖yk+1 − yk‖2

2 < +∞.

Proof. By Lemma 7, the objective function G in (8) is semi-algebraic. Therefore, it satisfies the KL property. 
The results of this theorem follow directly from Theorem 2. �

Theorem 3 only ensures that FBSA converges to a critical point of G while the proposed algorithm (13)
converges to a local minimizer of G according to Theorem 1.

5.2. Proximal alternating minimization algorithm

In this subsection, we discuss PAMA introduced in [2] for solving problem (8).
Consider the optimization problem whose objective function F : Rq × R

n → R ∪ {+∞} has the form

F (z, y) := Q(z, y) + g(z) + h(y), (28)

where g : Rq → R ∪ {+∞} and h : Rn → R ∪ {+∞} are proper lower semi-continuous, Q : Rq × R
n →

R ∪ {+∞} is continuously differentiable and its gradient is Lipschitz continuous on bounded subsets of 
R

q × R
n. For given (z0, y0) ∈ R

q × R
n, PAMA solving the optimization problem having F in (28) as its 

objective function has the form⎧⎨⎩ zk+1 ∈ arg min
{
F (z, yk) + 1

2λk
‖z − zk‖2

2 : z ∈ R
q
}
,

yk+1 ∈ arg min
{
F (zk+1, y) + 1

2μk
‖y − yk‖2

2 : y ∈ R
n
}
,

(29)

where {λk}, {μk} are sequences of positive numbers. The following convergence result of algorithm (29) is 
from Theorem 9 of [2].

Theorem 4. Let F be given by (28) and for any initial estimate {(z0, y0)}, let {(zk, yk)} be the sequence 
generated by (29). If F is bounded from below and has the KL property at each point of the domain of F , 
and if there exist sequences of stepsizes λk, μk belong to (r−, r+) for all k, where r− and r+ are two positive 
numbers, then either {‖(zk, yk)‖2} tends to infinity or 

∑∞
k=1 ‖zk+1 − zk‖2 + ‖yk+1 − yk‖2 < +∞, as a 

consequence, {(zk, yk)} converges to a critical point of F .

By specializing Q(z, y), g(z), and h(y) in (28) to 1
2β ‖z −DW�y‖2

2, ‖z‖0, and ιC(y) in (8), respectively, 
we apply PAMA (29) to (8). The resulting algorithm has the form⎧⎨⎩ zk+1 ∈ arg min

{
1
2β ‖z −DW�yk‖2

2 + ‖z‖0 + 1
2λk

‖z − zk‖2
2 : z ∈ R

q
}
,

yk+1 ∈ arg min
{

1
2β ‖zk+1 −DW�y‖2

2 + ιC(y) + 1
2μk

‖y − yk‖2
2 : y ∈ R

n
}
,

(30)

where {λk}, {μk} are sequences of positive numbers.

Theorem 5. Let C be the set given by (5), W ∈ R
n×n be a wavelet transform matrix, D ∈ R

q×n be a tight 
framelet system, β be a positive number. If there exist sequences of stepsizes λk, μk belong to (r−, r+) for 
all k, where r− and r+ are two positive numbers, then for any initial estimate (z0, y0) ∈ R

q × R
n, either 

{‖(zk, yk)‖2} tends to infinity or 
∑∞

k=1(‖zk+1 − zk‖2 + ‖yk+1 − yk‖2) < +∞, as a consequence, {(zk, yk)}
converges to a critical point of G in (8).
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Proof. By Lemma 7, the objective function G in (8) is semi-algebraic. Therefore, it satisfies the KL property. 
The results of this theorem follow directly from Theorem 4. �

We comment that (30) can be simplified and reformulated in terms of the proximity operator of the �0
norm and the indicator function of the constrained set. By a simple calculation, we have that

1
2β ‖z −DW�yk‖2

2 + 1
2λk

‖z − zk‖2
2 = β + λk

2βλk
‖z − (zk − λk

β + λk
(zk −DW�yk))‖2

2 + constant.

Since (DW�)�DW� = I, by Lemma 2, we obtain that

‖zk+1 −DW�y‖2
2 = ‖WD�zk+1 − y‖2

2 + ‖(I −DD�)zk+1‖2
2.

Hence,

1
2β ‖z

k+1 −DW�y‖2
2 + 1

2μk
‖y − yk‖2

2 = β + μk

2βμk
‖y − (yk − μk

β + μk
(yk −WD�zk+1))‖2

2 + constant.

With the help of the above two equations, PAMA (30) can be rephrased as⎧⎪⎨⎪⎩
zk+1 ∈ prox βλk

β+λk
‖·‖0

(
λk

β+λk
DW�yk + (1 − λk

β+λk
)zk

)
,

yk+1 = proxιC

(
(1 − μk

β+μk
)yk + μk

β+μk
WD�zk+1

)
.

(31)

The above form of PAMA allows us to compare it with our proposed algorithm (13). Clearly, the first 
equation of PAMA is basically the same as that of the proposed algorithm (13) except for the parameters 
while their second equations are different, PAMA using both yk and zk+1 to get yk+1 and the proposed 
algorithm converges to a critical point of G while the proposed algorithm using only zk+1 to get yk+1 and 
it converges to a local minimizer of G. Finally, we note that the range of the values of λk

β+λk
and μk

β+μk
for 

all k are in the range of 
(

r−
β+r−

, r+
β+r+

)
.

6. The DCT-induced wavelet

The minimization model proposed in Section 2 involves a tight framelet transform matrix D. It plays 
an important role in the development of the proposed inpainting method. The purpose of this section is to 
discuss a construction of the tight framelet transform matrix D via a discrete cosine transform.

Discrete cosine transforms are crucial to numerous applications in science and engineering, especially in 
the fields of signal and image processing [1,23]. There are several variants of the DCTs, among which the 
DCT-II is the most popular one. The tight framelet transform matrix D to be described in this section is 
constructed from a DCT-II matrix. We remark that the proofs of all results in this section can be verified 
straightforwardly and therefore the details of the proofs are omitted.

The standard L × L DCT-II matrix C is given by

C := 1√
L

[
δk cos (k−1)(2j−1)π

2L : k, j = 1, 2, . . . , L
]
, (32)

where δ1 = 1 and δk =
√

2 for k = 2, 3, . . . , L. The matrix C is orthogonal, i.e. C�C = CC� = I. In what 
follows, we always assume that L = 2J + 1, where J ≥ 1. For the (2J + 1) × (2J + 1) DCT-II matrix C, we 
construct 2J + 1 filters h1, h2, . . . , h2J+1 from the corresponding rows of C, indexes of each filter running 
from −J to J . More precisely,
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hk[j] = δk
2J + 1

cos (k − 1)(2(j + J) + 1)π
2(2J + 1)

, (33)

where k is from 1 to 2J + 1 while j runs from −J to J . Clearly, for each k, hk[j] = (−1)k−1hk[−j] holds 
for all j from 0 to J . In other words, the filter hk is symmetric around the index 0 if k is odd and is 
antisymmetric around the index 0 if k is even. For each filter hk, we define a filter gk as the autocorrelation 
of filter hk as follows:

gk[α] =
min{J−α,J}∑

j=max{−J−α,−J}
hk[j]hk[α + j],

where α runs from −2J to 2J .

Proposition 2. If the filters h1, h2, . . . , h2J+1 are defined by (33), then for all α in the set {−2J, −2J +
1, . . . , 2J − 1, 2J}

(i) gk[α] = gk[−α];

(ii)
∑2J+1

k=1 gk[α] =
{

1, if α = 0;
0, otherwise.

For a finite length filter f whose indexes run from a to b and an infinite length discrete signal x whose 
indexes are in Z, we define y = f � x the filtered signal x with the filter f as follows:

y[α] :=
b∑

j=a

f [j]x[α− j],

where α ∈ Z. Clearly, the signal y is the convolution of the filter f with the signal x.
For a finite length filter f whose indexes run from a to b, its reversal f is defined by f [α] := f [−α], for all 

α between −b to −a.

Proposition 3. If the filters h1, h2, . . . , h2J+1 are defined by (33) and x is a discrete signal defined on Z, 
then

(i) hk � hk � x = gk � x for all k from 1 to 2J + 1;
(ii)

∑2J+1
k=1 hk � hk � x = x.

Signals encountered in applications often have finite length which can be extended into signals defined 
on Z. We will present a way to extend a signal of finite length to a signal of infinite length. To this end, we 
first give the definitions of symmetric and antisymmetric signals. An infinite-length signal x is symmetric 
(resp. antisymmetric) with the center at c/2 if x[c − j] = x[j] (resp. x[c − j] = −x[j]) for all j ∈ Z. We 
remark that a symmetric (resp. antisymmetric) infinite-length signal may have more than one symmetric 
(resp. antisymmetric) centers.

For a finite-length signal x whose indexes are from 1 to n, an infinite-length signal xext is said to be the 
extension of x if xext[j] = x[j] for 1 ≤ j ≤ n. If xext is symmetric at both c1 = 1

2 and c2 = n + 1
2 , then 

xext is said to be symmetric extension of x with the left symmetric center 1
2 and the right symmetric center 

n + 1
2 .

Proposition 4. If the filters h1, h2, . . . , h2J+1 are defined by (33), x is a symmetric discrete signal with 
centers at 1/2 and n + 1 , and yk = hk � x, then
2
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(i) yk are symmetric with centers at 1/2 and n + 1
2 for k = 1, 3, . . . , 2J + 1,

(ii) yk are antisymmetric with centers at 1/2 and n + 1
2 for k = 2, 4, . . . , 2J .

Now, let us assume that x is a discrete signal of length n and xext is the symmetric extension of x with 
centers at 1

2 and n + 1
2 . From Proposition 4, the signal hk � xext can be viewed as the symmetric (resp. 

antisymmetric) extension of a vector of length n, denoted by yk for simplicity, if k ∈ {1, 3, . . . , 2J +1} (resp. 
k ∈ {2, 4, . . . , 2J}). For the analysis purpose, it is useful to express the relation of x and yk in a matrix 
form. To this end, for any two vectors a and b of length n, we define two n × n matrices

T(a,b) =

⎡⎢⎢⎢⎢⎣
a[1] a[2] · · · a[n]

b[2] a[1]
. . .

...
...

. . . . . . a[2]
b[n] · · · b[2] a[1]

⎤⎥⎥⎥⎥⎦ and H(a,b) =

⎡⎢⎢⎢⎢⎢⎣
a[2] a[3] · · · a[n] 0
a[3] a[4] · · · 0 b[n]

...
...

. . .
...

...
a[n] 0 · · · b[4] b[3]
0 b[n] · · · b[3] b[2]

⎤⎥⎥⎥⎥⎥⎦ .

Clearly, T(a, b) is a Topelitz matrix and H(a, b) is a Hankel matrix.
Let us return to the question on expressing the relation of x and yk in a matrix form. Actually, for 

1 ≤ k ≤ 2J + 1 we have that

yk = Hkx (34)

where

Hk := T(ak, (−1)k−1ak) + H((−1)k−1ak,ak), (35)

with

ak = [hk[0], hk[1], . . . , hk[J ], 01×(n−J−1) ] .

By Proposition 3, the signal xext can be reconstructed from hk � xext via the filters hk, 1 ≤ k ≤ 2J + 1. 
Due to the symmetric properties of xext and hk � xext, 1 ≤ k ≤ 2J + 1, one can perfectly reconstruct x
from yk. The reconstruction can be expressed in a matrix form as well. Indeed

x =
2J+1∑
k=1

Rkyk, (36)

where

Rk := T((−1)k−1ak,ak) + (−1)k−1H(ak, (−1)k−1ak). (37)

The factor (−1)k−1 in front of H in (37) reflects the fact that hk �xext are symmetric (resp. antisymmetric) 
with centers at 1

2 and n + 1
2 when k are odd (resp. even). The pair (ak, (−1)k−1ak) in (35) becomes 

((−1)k−1ak, ak) in (37) since hk is the flipped version of hk.
Immediately, from (35) and (37), we have that Rk = H�

k for all 1 ≤ k ≤ 2J + 1. Furthermore, by (34)
and (36) we get

x =
2J+1∑

H�
k Hkx. (38)
k=1
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This equation says that the signal x can be perfectly reconstructed from its coefficient vectors Hkx. Eq. (38)
also indicates that 

∑2J+1
k=1 H�

k Hk = I.
As an example, following (32) we present the matrices H1, H2, and H3 arising from the 3 × 3 DCT-II 

matrix

C = 1√
3

⎡⎢⎣ 1 1 1√
6

2 0 −
√

6
2√

2
2 −

√
2

√
2

2

⎤⎥⎦ .

In fact, the corresponding matrices H1, H2, and H3, respectively, are

H1 = 1
3

⎡⎢⎢⎣
2 1
1 1 1

. . .
. . .

. . .
1 1 1

1 2

⎤⎥⎥⎦ , H2 =
√

6
6

⎡⎢⎢⎢⎣
1 −1
1 0 −1

. . .
. . .

. . .
1 0 −1

1 −1

⎤⎥⎥⎥⎦ , H3 =
√

2
6

⎡⎢⎢⎢⎣
−1 1
1 −2 1

. . .
. . .

. . .
1 −2 1

1 −1

⎤⎥⎥⎥⎦ .

Formula (38) is designed essentially for 1-dimensional signals. We can extend it in a standard way for 
2-dimensional signals through tensor products. Define Q(i−1)(2J+1)+j := Hi⊗Hj with i, j = 1, 2, · · · , 2J +1, 
where the notation ⊗ stands for the Kronecker product. By the relation 

∑2J+1
k=1 H�

k Hk = I, we can directly 

verify that 
∑(2J+1)2

k=1 Q�
k Qk = I. Define

D := [Q�
1 Q�

2 · · · Q�
(2J+1)2 ]� . (39)

Then, D�D = I. Therefore, D is a tight framelet transform matrix.

7. Implementation and acceleration of the proposed algorithm

Three different iterative algorithms, namely, the nonconvex nonsmooth forward–backward splitting al-
gorithm (FBSA) (27), the proximal alternating minimization algorithm (PAMA) (31), and the proposed 
algorithm (13), were introduced in the previous sections for finding a solution of model (8) for the wavelet 
inpainting problem (1). In this section, we demonstrate numerically that the proposed algorithm is more 
efficient than both FBSA and PAMA in terms of the number of iterations used to stabilize the objective 
function of model (8). There are two tunable parameters α and β in the proposed algorithm. Through 
numerical experiments, we shall show that the parameter α should be chosen as a number smaller than, but 
very close to 1. Finally, motivated by the speeding technique in [5], an accelerated version of the proposed 
algorithm is developed. An adaptive strategy to update the parameter β is also suggested for the accelerated 
algorithm.

In the experiments conducted in this section, we choose the images of “Cameraman’ and “Lena” of size 
256 × 256 as the original images u ∈ R

2562 in (1). Both images can be seen in Fig. 5. The matrix W in (1)
is generated from the 3-level Haar wavelet transform. Therefore, Wu is the wavelet coefficient vector. We 
randomly choose 60% coefficients from the vector Wu. Correspondingly, this determines the selection matrix 
P that has roughly p = 0.6 × 2562 rows. Our observed wavelet coefficient vector f in (1) is PWu without 
adding any noise. We therefore set σ to be 0 in (5). Our goal is to approximate the original image u through 
minimizing the optimization model (8) while the tight framelet transform matrix D is the one constructed 
from the DCT-II of size 7 × 7 via (39).
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Fig. 1. Convergence comparison of FBSA, PAMA, and the proposed algorithm (13) for the images of “Cameraman” (left) and 
“Lena” (right).

7.1. Comparison of the proposed algorithm with FBSA and PAMA

In this subsection, we evaluate the performance of FBSA, PAMA, and the proposed algorithm (13) for 
the optimization model (8) for the wavelet inpainting problem (1). Our goal is to approximate the original 
image u through minimizing the optimization model (8) in which β is set to be 8 in the experiments.

The parameter α in the proposed algorithm (13) plays a role similar to γ/β in FBSA (27) and λk/(β + λk), 
μk/(β + μk) in PAMA (31). However, our proposed algorithm converges for any α ∈ (0, 1) while FBSA 
requires γ/β in (0, 1/2) to guarantee its convergence. For PAMA, Theorem 5 shows that if we select 
λk/(β + λk) and μk/(β + μk) in any fixed subinterval of (0, 1) for all k, then either {‖(zk, yk)‖2} tends 
to infinity, or 

∑∞
k=1(‖zk+1 − zk‖2 + ‖yk+1 − yk‖2) < +∞ and {(zk, yk)} converges to a critical point of 

G in (8). We fix all these parameters to be 0.499 in evaluating their performance when these algorithms 
are applied to model (8). Fig. 1 plots the values of the objective function of the model obtained from 
these algorithms. Our first observation is that PAMA is faster than FBSA. This can be explained from the 
iterative schemes of PAMA in (31) and FBSA in (27). Their main difference is that PAMA updates the 
y-variable at the k-th iteration using the most recently available information zk+1 while FBSA does not. 
Clearly, PAMA can be viewed as the block Gauss-Seidel version of FBSA. Our second observation is that our 
proposed algorithm is faster than PAMA. This can also be intuitively explained as well. At each iteration, 
our algorithm uses completely the latest zk+1 to update yk+1 while PAMA uses a linear combination of the 
previous iterate yk and the current iterate zk+1.

In the next three subsections, we consider accelerating convergence of the proposed algorithm by tuning 
the parameters α and β.

7.2. Choosing parameter α

The parameter α arises from the algorithmic development for the optimization model (8). Theorem 1
ensures that algorithm (13) converges for any α ∈ (0, 1). In this subsection we shall demonstrate the effect of 
this parameter on the convergence speed of the algorithm through numerical experiments and shall conclude 
that the parameter α should be close to 1.

In our experiments the parameter β in model (8) is set to 8. Our algorithm (13) is tested with five 
different values of α ∈ {0.3, 0.5, 0.7, 0.9, 0.99}. The values of the objective function of model (8) against the 
number of iterations of the algorithm with different values of α are displayed in Fig. 2 for the images of 
“Cameraman” and “Lena”. We can see clearly that with the same number of iterations the algorithm with a 
larger value of α produces an estimate having a smaller value of the objective function. Therefore, we shall 
always choose α = 0.99 in the rest of our experiments.
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Fig. 2. The effect of the choice of parameter α on the convergence speed of the proposed algorithm (13) for the images of “Camera-
man” (left) and “Lena” (right).

7.3. Acceleration with a FISTA-like scheme

The fast iterative shrinkage-thresholding algorithm (FISTA) in [5] has been proven to be efficient in 
minimizing the sum of two convex functions with one having a Lipschitz continuous gradient. In this 
subsection, we shall propose a FISTA-like scheme for solving model (8) and show numerically that the 
FISTA-like scheme runs faster than algorithm (13).

Our FISTA-like scheme is motivated from the FISTA scheme for a convex model corresponding to 
model (7) by replacing the �0 norm by the �1 norm. Specifically, we replace the non-convex �0 norm ‖ · ‖0
in (7) by the convex �1 norm ‖ · ‖1 and get the convex optimization problem

min{envβ‖·‖1(DW�y) + ιC(y) : y ∈ R
n}. (40)

It is well-known that ∇envβ‖·‖1 = 1
β (I−proxβ‖·‖1

) and it is Lipschitz continuous with Lipschitz constant 1
β . 

Hence, FISTA can be applied to model (40). Moreover, if y is a solution of model (40) then it is a solution of 
the fixed-point equation y = proxιC (WD�proxβ‖·‖1

(DW�y)) (see, e.g., Proposition 6 in [18]). Given t0 = 1
and initial estimates ỹ0, y0, the iterative scheme of FISTA for problem (40) has the form⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

zk+1 = proxβ‖·‖1
(DW�ỹk),

yk+1 = proxιC (WD�zk+1),

tk+1 =
√

1+4t2k+1
2 ,

ỹk+1 = yk+1 + tk−1
tk+1

(yk+1 − yk).

(41)

Motivated by problems (41), we propose FISTA-like scheme for problem (8) which is presented in Algo-
rithm 1. We can see that the computational complexity for Steps 1 and 2 in Algorithm 1 is the same as 
that in algorithm (13). Clearly, the computational effort in Steps 3 and 4 is marginal in comparison with 
that for Steps 1 and 2 in Algorithm 1. Hence, the computational complexity of Algorithm 1 is comparable 
to that of algorithm (13).

We show numerically the acceleration effect of the FISTA-like Algorithm 1 in comparison with algo-
rithm (13). Again, the parameter β in the optimization problem (8) is set to 8. We choose α = 0.99
according to our previous numerical observation. The values of the objective function of model (8) against 
the number of iterations of the tested algorithms are displayed in Fig. 3 for the images of “Cameraman” 
and “Lena”. One can see that Algorithm 1 converges within 40 iterations while the iterative scheme (13)
needs more than 100 iterations to converge.
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Algorithm 1 FISTA-like scheme for problem (8).
Input: the positive numbers α ∈ (0, 1), β, and σ, the matrices D, W and P , the set C, and the observed data f .
Initialization: k = 0, t0 = 1 and the initial estimates ỹ0 = y0 = fP , z0 = DW�y0.
repeat

Step 1: Compute zk+1 ∈ proxαβ‖·‖0
(αDW�ỹk + (1 − α)zk).

Step 2: Compute yk+1 = proxιC
(WD�zk+1).

Step 3: tk+1 =
√

1+4t2
k
+1

2
Step 4: ỹk+1 = yk+1 + tk−1

tk+1
(yk+1 − yk)

until A given stopping criteria is met. The corresponding vector yk+1 and zk+1 is denoted as y∞ and z∞ respectively.
Output: y∞, z∞.

Fig. 3. Convergence comparison of the iterative scheme (13) and Algorithm 1 for the images of “Cameraman” (left) and “Lena” 
(right).

7.4. An adaptive strategy for updating smoothing parameter β

The selection of the parameter β is crucial in Algorithm 1. We can further accelerate the convergence 
of Algorithm 1 by adaptively selecting β during the iterations. We now explain our strategy of adaptively 
determining the parameter β in Step 1 of Algorithm 1 via numerical examples. To see the effect of the 
choice of the parameter β on the convergence speed of Algorithm 1 and the quality of the restored image, 
we set three different values for β ∈ {1, 10, 100}. The values of the objective function in model (4) and the 
PSNR-values of the restored images at each iteration by Algorithm 1 with different values of β are plotted 
in Fig. 4. It can be seen that both curves with a larger β approach to a stable value much more quickly 
than those with a smaller β. This can be intuitively explained from Step 1 of Algorithm 1. The parameter β
servers as the threshold of the hard thresholding operator in (15). If β is small, Step 1 updates the variable 
z at a slow rate. However, the final stable PSNR-value obtained with a smaller β is higher than that with 
a larger β. This is mainly due to the fact that the discrepancy between the approximate model (7) and the 
original model (6) becomes smaller as β decreasing. Based on above numerical observations, the selection 
of the parameter β should balance between the speed of convergence of Algorithm 1 and the quality of 
the restored image. A reasonable strategy that can assimilate both of the strengths of β with large and 
small values is to gradually decrease the value of β during the iteration. We run Algorithm 1 with fixed 
large β to a nearly stable stage and get an approximate solution, and then use it as the starting point 
for Algorithm 1 with a smaller β and repeat. This strategy is also known as the fixed-point continuation 
method in the literature, see, e.g., [26]. We describe our implementations in details in Algorithm 2. The 
smallest value βmin finally determines a solution to which the algorithm converges, and hence determines 
the quality of the restored image. However, Algorithm 2 with other different values of β converges much 
faster than Algorithm 1 with setting directly β = βmin. Under the setting of β = 256, βmin = 1, ρ = 0.5, 
and ITOL = 0.01, we can see the dramatic acceleration of Algorithm 2 in Fig. 4.
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Algorithm 2 (FISTA-like scheme for problem (8) with adaptive parameter selection.)
Input the positive numbers α ∈ (0, 1), β, βmin, and σ, the positive scaling factor ρ < 1, the criteria ITOL, the matrices D, W , 
and P , the set C, and the observed data f .
Initialization: k = 0, t0 = 1 and the initial estimates ỹ0 = y0 = fP , z0 = DW�y0.
repeat

Step 1: if k > 1, β > βmin, and ‖W�yk − W�yk−1‖2/‖W�yk−1‖2 < ITOL, update max{ρβ, βmin} ← β and tk = 1.
Step 2: Compute zk+1 ∈ proxαβ‖·‖0

(αDW�ỹk + (1 − α)zk).
Step 3: Compute yk+1 = proxιC

(WD�zk+1).

Step 4: tk+1 =
√

1+4t2
k
+1

2
Step 5: ỹk+1 = yk+1 + tk−1

tk+1
(yk+1 − yk)

until A given stopping criteria is met. The corresponding vector yk+1 and zk+1 is denoted as y∞ and z∞ respectively.
Output: y∞, z∞.

Fig. 4. Comparison of performance of Algorithm 1 (with different values of parameter β) and Algorithm 2 for the images of 
“Cameraman” (left) and “Lena” (right).

8. Numerical experiments

In this section, results of two numerical experiments are presented to illustrate the proposed models 
and algorithms for wavelet inpainting. The experiments are performed under Windows 8 and Matlab 7.6 
(R2008a) running on a PC equipped with an Intel Core 2 Quad CPU at 3.10 GHz and 4G RAM memory. 
Available wavelet coefficients are exact in the first experiment and are corrupted by noise in the second. 
We use the images of “Cameraman”, “Lena”, and “Barbara” of size 256 × 256 as the original images u in 
our experiments, see Fig. 5. The orthogonal Haar wavelet and the orthogonal Daubechies least asymmetric 
wavelet of vanishing moments 4 (see [21]) which is referred to as Symlet-4 with one level (s = 1) or three 
level (s = 3) decomposition are employed to generate the wavelet transform matrix W . We randomly 
select 80%, 60%, and 40% coefficients from the wavelet coefficient vector Wu, that yields a vector PWu, 
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Fig. 5. The original images.

where the matrix P determines the coefficients to be preserved. The observed wavelet coefficient vector f
in (1) is PWu, perhaps corrupted by noise ω. Our goal is to approximate the original image u from the 
available information f . The quality of the approximate image, say ũ, will be evaluated in terms of the 
peak-signal-to-noise ratio (PSNR) that is defined by

PSNR := 10 log10
n2552

‖u− ũ‖2
2

(dB),

where n is the number of pixels in u. Each PSNR-value reported in all tables presented in this section is 
the average over five runs.

The parameters in Algorithm 2 are set as follows. Since the parameter βmin determines a solution to 
which Algorithm 2 finally converges, we set βmin = 1 to guarantee the approximation accuracy of model (7)
to model (4). The parameters βmax, ρ, and ITol are used to speed up convergence of Algorithm 2. An ac-
celeration effect can be observed for 1 < βmax < 500, 0 < ρ < 1, and 0.001 < ITol < 0.1. We find that 
Algorithm 2 using βmax = 256, ρ = 0.5, and ITol = 0.01 overall performs best. The parameter σ is chosen 
according to the level of noise in the wavelet coefficients. If there is no noise corrupting the observed wavelet 
coefficients, we set σ = 0. If the wavelet coefficients are corrupted by the noise, since the noise level is 
usually unknown, we choose the parameter σ that generates a restored image with the highest PSNR value.

8.1. Inpainting from noiseless wavelet coefficients

In this subsection, we consider the case that the observed vector f of the wavelet coefficient vector is 
simply PWu without noise, where P , W , and u are specified as earlier. We make the image to be restored 
sparse by using the DCT-induced tight framelet transform matrix D since it has been demonstrated to be 
efficient in representing images [31]. We shall see that our inpainting model (7) with the �0 penalization 
for the coefficients by the DCT-induced tight framelet transform matrix is suitable for wavelet inpainting. 
For comparison, we briefly review two possible models for wavelet inpainting. The first one is simply from 
replacing the �0 norm in (6) by the �1 norm, that is,

min{‖DW�y‖1 + ιC(y) : y ∈ R
n}. (42)

Note that in the current situation σ in the set C is 0. The reason of choosing model (42) is to confirm that 
the �0 regularization in our model (7) indeed plays a key role in wavelet inpainting. Model (42) has a convex 
objective function, hence, can be efficiently solved by many optimization algorithms. Here, we employ the 
primal-dual method in [12,44] to find a solution ỹ of model (42). The inpainted image will be ũ = W�ỹ. The 
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Table 1
A summary of the PSNR (dB) results of L1M, TVM, and L0M for recovering images from incomplete noiseless wavelet coefficients.

Cameraman
Haar wavelet Symlet-4 wavelet
s = 1 s = 3 s = 1 s = 3
80% 60% 40% 80% 60% 40% 80% 60% 40% 80% 60% 40%

L1M 32.25 28.30 25.37 31.74 27.00 22.99 31.27 27.58 24.48 28.62 23.74 21.54
TVM 31.41 27.98 25.06 32.15 27.10 23.37 29.97 27.23 24.75 29.75 26.02 22.84
L0M 33.53 30.10 26.93 33.95 30.16 26.24 32.61 29.12 25.78 32.60 28.11 23.78

Lena
Haar wavelet Symlet-4 wavelet
s = 1 s = 3 s = 1 s = 3
80% 60% 40% 80% 60% 40% 80% 60% 40% 80% 60% 40%

L1M 35.10 30.40 27.29 33.21 28.32 24.97 33.76 29.38 26.32 29.12 24.80 20.92
TVM 34.80 30.25 27.23 33.55 28.92 24.86 32.02 28.88 26.11 29.35 25.93 22.08
L0M 35.82 32.34 29.01 35.69 31.95 28.66 34.83 31.13 27.42 30.99 27.24 22.68

Barbara
Haar wavelet Symlet-4 wavelet
s = 1 s = 3 s = 1 s = 3
80% 60% 40% 80% 60% 40% 80% 60% 40% 80% 60% 40%

L1M 36.21 31.17 26.74 33.61 29.06 24.46 34.30 29.83 25.87 28.62 25.33 22.08
TVM 29.99 26.81 24.57 29.95 26.02 23.49 28.53 26.02 23.93 27.10 24.04 21.73
L0M 38.72 34.40 29.95 37.97 33.85 28.87 36.23 31.84 26.94 31.13 26.85 23.13

second model for comparison is the popular total variation regularization for image inpainting problems in 
wavelet domain [14,15,17,41,43]. The total variation based model is

min
u∈Rn

‖u‖TV, subject to PWu = f. (43)

Problem (43) was solved in [15] by using the alternating direction method. We use the source codes for this 
method obtained from the authors of [15] to solve problem (43). In the rest of this subsection, we abbreviate 
models (42), (43), and (8) as L1M, TVM, and L0M, respectively. We use the proposed Algorithm 2 to 
solve L0M.

Our aim is to compare the quality of the restored images obtained by L1M, TVM, and L0M. Hence, 
these algorithms run enough number of iterations (actually, 1000 iterations in our experiments) to ensure 
their convergence within certain tolerance. The values of PSNR in our test are summarized in Table 1. 
For the images of “Cameraman” and “Lena”, L1M performs better than TVM when the level of wavelet 
decomposition is 1. However, TVM performs better than L1M when the level of wavelet decomposition is 3. 
For the image of “Barbara”, L1M always performs better than TVM. This is because the DCT-induced 
wavelet can efficiently represent images with rich texture information [24,31,40]. For all tested cases, L0M 
outperforms both L1M and TVM. For a visual comparison, the restored images by L1M, TVM, and L0M 
are displayed in Fig. 6. We observe that the images recovered by L0M have less artifacts than those by L1M 
or TVM, still keeping sharp edges and fine details.

8.2. Inpainting from noisy wavelet coefficients

In this subsection, the observed wavelet coefficients vectors f will be contaminated by Gaussian noise 
with standard deviation r = 10 and 20 in this experiment. We point it out that we here use the TV model (2)
rather than (43) for comparison, also abbreviating it as TVM in this subsection. The model is solved by 
the alternating direction method (ADM), whose source codes are obtained from the authors of [15]. In this 
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Fig. 6. Images recovered by three models from 40% randomly selected noiseless Haar wavelet coefficients (the wavelet decomposition 
level s = 3). First row: recovered by L1M. Second row: recovered by TVM. Bottom row: recovered by L0M.

experiment, we terminate the algorithms when the relative error between the successive iterates of the 
restored images satisfy the following inequality

‖uk+1 − uk‖2

‖uk‖2
< 5 × 10−4. (44)

In order to fairly compare the results, we have also tuned the parameter λ for TVM (2) to achieve the 
highest PSNR values of the restored images. For the ADM algorithm, we use the settings described in [15]. 
Tables 2 and 3 report the values of PSNR of the restored images from the three models. We can easily 
see from the tables that L0M performs much better than either L1M or TVM for recovering the images 
from incomplete noisy wavelet coefficients. The restored images are shown in Fig. 7. We observe that the 
damaged regions caused by the loss of wavelet coefficients are recovered better by L0M than by either L1M 
or TVM. Moreover, the images restored by L1M is quite noisy and the images restored by TVM have many 
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Table 2
The summary of the PSNR (dB) results of L1M, TVM and L0M for recovering images from incomplete noisy Haar wavelet 
coefficients.

Cameraman
r = 10 r = 20
s = 1 s = 3 s = 1 s = 3
80% 60% 40% 80% 60% 40% 80% 60% 40% 80% 60% 40%

L1M 28.70 26.54 24.14 28.09 25.12 22.37 25.65 24.97 23.21 25.17 23.59 22.09
TVM 28.96 26.95 24.23 28.53 25.47 22.98 27.14 25.52 23.43 26.78 24.36 22.53
L0M 30.58 28.54 25.72 30.53 27.41 24.47 27.99 26.54 24.61 27.93 26.19 23.53

Lena
r = 10 r = 20
s = 1 s = 3 s = 1 s = 3
80% 60% 40% 80% 60% 40% 80% 60% 40% 80% 60% 40%
80% 60% 40% 80% 60% 40% 80% 60% 40% 80% 60% 40%

L1M 29.94 28.11 25.53 28.65 26.19 22.74 26.81 25.46 24.35 25.89 24.05 21.73
TVM 30.60 28.51 25.73 29.60 26.99 23.32 27.80 26.54 24.66 27.54 25.10 22.19
L0M 31.90 29.82 27.25 31.48 29.07 26.41 28.73 27.51 25.80 28.51 26.71 24.45

Barbara
r = 10 r = 20
s = 1 s = 3 s = 1 s = 3
80% 60% 40% 80% 60% 40% 80% 60% 40% 80% 60% 40%

L1M 29.41 27.56 25.40 28.57 26.00 23.36 26.09 25.06 23.90 25.47 23.73 22.02
TVM 27.67 25.65 24.03 27.41 24.98 22.67 25.53 24.33 23.22 25.15 23.57 21.81
L0M 32.25 29.98 27.49 31.72 29.06 26.02 28.49 27.02 25.42 27.85 26.15 23.74

Table 3
The summary of the PSNR (dB) results of L1M, TVM, and L0M for recovering images from incomplete noisy Symlet-4 wavelet 
coefficients.

Cameraman
r = 10 r = 20
s = 1 s = 3 s = 1 s = 3
80% 60% 40% 80% 60% 40% 80% 60% 40% 80% 60% 40%

L1M 28.49 25.85 23.86 26.79 23.41 20.86 25.60 24.48 22.81 24.66 21.84 20.38
TVM 29.26 26.52 24.24 28.62 25.25 22.28 27.18 25.38 23.22 26.28 23.48 21.67
L0M 30.61 27.64 25.13 29.79 26.33 23.07 28.01 26.12 24.06 27.13 24.08 22.14

Lena
r = 10 r = 20
s = 1 s = 3 s = 1 s = 3
80% 60% 40% 80% 60% 40% 80% 60% 40% 80% 60% 40%

L1M 29.29 27.35 25.18 26.62 24.15 20.27 26.71 25.50 23.80 24.42 22.30 20.28
TVM 30.25 28.09 25.66 28.13 25.49 21.70 27.80 26.38 24.51 26.08 23.73 21.01
L0M 31.28 28.88 26.25 29.61 26.56 22.82 28.45 27.10 25.06 26.81 24.37 22.40

Barbara
r = 10 r = 20
s = 1 s = 3 s = 1 s = 3
80% 60% 40% 80% 60% 40% 80% 60% 40% 80% 60% 40%

L1M 29.10 27.09 24.72 26.70 23.72 21.11 25.98 24.95 23.65 24.54 23.00 21.01
TVM 27.56 25.60 23.75 26.44 23.60 21.44 25.49 24.36 23.20 24.60 23.01 21.15
L0M 31.71 29.08 25.84 28.33 24.90 22.27 28.33 26.73 24.36 26.71 24.05 21.51

undesirable staircase effects especially in the homogenous regions where the images vary smoothly. The 
images restored by L0M can avoid the staircase effects in the homogenous regions, with still keeping the 
sharp edges. We therefore conclude that L0M balances between the smoothness of the homogenous regions 
and sharpness of edges much better that L1M or TVM.
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Fig. 7. Image recovered by L1M, TVM and L0M from 60% noisy Symlet 4 wavelet coefficients (the standard deviation of the Gaussian 
noise is r = 10, the wavelet decomposition levels are s = 1). First row: recovered by L1M. Second row: recovered by TVM. Third 
row: recovered by L0M.

9. Conclusion

We consider in this paper the wavelet domain inpainting problem. We propose a wavelet domain in-
painting model using an approximate �0 norm of the transformed coefficients of the underlying image in 
the redundant tight framelet system generated from the discrete cosine transform matrix. We further-
more develop a fixed-point proximity algorithm for solving the model and prove its convergence. The 
proposed algorithm is accelerated by using the FISTA technique and an adaptive way of determining the 
approximating parameter appearing in the objective functional of the model. Numerical results demon-
strate that the proposed model and the associated algorithms outperform the existing models based on 
the �1 norm or the total variation in recovering the images from their incomplete and inaccurate wavelet 
coefficients.
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